In this paper a new input-output pairing method for linear multivariable plants based on the output controllability analysis is presented. All control configuration selection methodologies which use the state space model of plant to pairing analysis are applicable only to stable multivariable plants. Here, by using of output controllability analysis, we introduce a new input-output pairing strategy which is applicable to all linear stable and unstable multivariable plants and considers the plant dynamical behavior in pairing analysis.
INTRODUCTION
Despite the recent advances in analysis and design of centralized multivariable control systems, the decentralized controllers are more attractive in practical cases due to simplicity in design and tuning, and robustness in deal with the fault and model uncertainties [10, 15] . In 1966 Bristol introduced the Relative Gain Array (RGA) as the first inputoutput pairing method which is the famous method in control configuration selection. The RGA firstly presented for linear multivariable plants based on the steady state transfer function matrix [1] . But after four decades many extensions and generalizations to the RGA are presented like Dynamic RGA [8] , Relative Interaction Array (RIA) [18] , Partial Relative Gain (PRG) [4] and Block Relative Gain (BRG) [7] . In 1985, Shimizu and Matsubara introduced a dynamic RGA based on the state space model and the singular perturbation theory for linear time-invariant plants with significantly different time scales [14] . This was the first methodology which used the state space model to consider the plant dynamics in control configuration selection. Then, in 1996, Khaki Sedigh and Shahmansourian propose a new method to pair the inputs and outputs of linear stable multivariable plants using the determinant of cross-Gramian matrices corresponding to the elementary subsystems [6] . Salgado and Conley have defined the Participation Matrix (PM) for linear stable multivariable plants using the controllability and observability Gramian matrices [2, 13] . In 2002, the Hankel Interaction Index Array (HIIA) as a new input-output pairing methodology for linear stable plants was proposed by Wittenmark and Salgado[16] . This method was modified and named Dynamic Input Output Pairing Matrix (DIOPM) in 2008 by . Although, these methods consider the plant dynamics to select the appropriate input-output pair, but, those are not computable and applicable to unstable multivariable plants. In 1994, Hovd and Skogestad introduced a unique pairing analysis based on the RGA and Niederlinski Index for unstable multivariable plants. This method considers the integrity condition to choose the appropriate input-output pair by employing the Nyquist stability criterion [5] .
In this paper we introduce the new input-output pairing methodology based on the output controllability analysis to solve the pairing problem for the linear stable and unstable multivariable plants. In section 2, by using a theorem the new pairing methodology based on the output controllability analysis is introduced. Section 3 presents the simulation results to show the effectiveness of the new pairing strategy.
NEW PAIRING USING OUTPUT CONTROLLABILITY
All the main approaches which introduced to control configuration selection based on the state space model of linear multivariable plants use the controllability and observability Gramian matrices. But, the Gramian matrices only can be computed for stable plants and it is obvious that the corresponding input-output pairing methods are applicable to linear stable plants. Here a new input-output pairing analysis based on output controllability matrix for stable and unstable multivariable plants is proposed while it can consider the plant dynamic to choose the appropriate input-output pair. In input-output pairing analysis the main problem is quantifying the effect of inputs on outputs in multi input-multi output (MIMO) plants. So, the following theorem can introduce the new pairing criteria.
Proposition. Let (, , , ) SABCD be a state space model of the mm q linear transfer function matrix () Gs as shown in (1) and (, , , ) 
then the matrix which can quantify the input-output relation is 
Now, by using the Taylor series expansion for exponential term the equation (5) can be rewritten as (6)
and 
Now, assume that 0 tt . where 0 . is small enough, so, we can rewrite the above equation as follow for
And it can be rewritten as 
It is obvious that the output controllability matrix corresponding to (, , , )
to introduce a useful pairing methodology, the power of the relation between the () ij uy should be measured by a scalar term. So, we can quantify the corresponding relation by computing the root mean square (RMS) value of vector M , by employing the 2-norm operator.
But, the vector M has infinite element and to access the reasonable measure we substitute it with the output controllability matrix. 
So, a new pairing matrix can be introduced as
In above theorem a new input-output pairing is introduced, which is named Subsystems Output Controllability Index (SOCI). This method can be applied to both linear stable and unstable multivariable plants and takes the full dynamic effect of the plant into account despite the fact that, in RGA, only the steady-state or the behaviour at a single frequency is considered, or the other methods like HIIA, PM and DIOPM that only computable for stable plants. Also, it is worth noting that the introduced method is independent of plant realization, since the output controllability matrix keeps invariant under similar transformations. 
The corresponding RGA is as follow and it proposes the offdiagonal pairing. 
And it introduces the 11 22 (, ) uy uy as the appropriate input-output pair. This is similar to the results which are introduced by Grosdidier and Morari[3] . But for further analysis, the closed loop step responses under decentralized control for two possible pairings are employed. Figures 2 and  3 show the closed loop time responses corresponding to diagonal and off-diagonal pairing respectively. It is obvious that the diagonal pairing gives the better performance and less interaction and is superior to off-diagonal pairing. Table  1 shows the parameters of PID controllers which are used in simulations. Also, in both cases the 1 st reference input is unit step and the 2 nd one is zero. 
Where, its corresponding poles are -0.1, -0.081 and 0.004. Obviously, the conventional RGA cannot be computed for this unstable plant, but, in [5] the RGA at zero frequency was defined and based on a new pairing strategy for unstable multivariable plants was proposed. The RGA at zero frequency is as follow.
Off-diagonal pairing, (uyuyuy as the appropriate input-output pair due to satisfying the integrity condition, while, it corresponds to the negative relative gains in (0) -.
In the other side, the corresponding ( matrix, using (13) It is worthy of mention that contrary to hovd and skogestad's claim, their method [5] , has an integrity problem in the face of loop failures and it can be shown by simulating a plant, however it is beyond the scope of this research.
CONCLUSION
In this paper a new pairing methodology based on the output controllability analysis of elementary subsystems for linear multivariable plants is introduced. The proposed pairing methodology is based on the plant state space model and unlike the previous methodologies is applicable for stable and unstable linear multivariable plants. In a theorem the mathematical foundations of the method is proved and by using the simulation results the effectiveness of the methodology is shown. 
